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Abstract 


The inhomogeneous renormalization group equation for the effective potential is rederived. It 
is shown that when the effective potential is normalized by the normalization condition on the 
generating functional, its renormalization group equation is homogeneous. This is demonstrated in 
the case of massive (/)^-theory. We also show that for the case of spontaneous symmetry breaking, 
the normalized effective potential is completely different from the symmetric case, though the two 
cases satisfy the same RGE with the same RG-functions. It is concluded that the vacuum energy 
density arises only in the case of SSB. 
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I. INTRODUCTION: 


It is now generally recognized that the effective potential (EP) of a renormalizable held 
theory is an essential tool in the investigation of the vacuum structure and stability of the 


theory at zero and hnite temperature. For weak coupling one uses[l| the perturbative loop 
expansion. As was emphasized in ref. [l| , the region of validity of the loop expansion may 
be appreciably extended using the renormalization group equation (RGE) satished Iw the 
EP. The RGE of the EP is also useful in determining its asymptotic behavior j^, l^and 
in facilitating calculation of higher-loop contributions |5| and obtaining conditions for their 
validity jj]. 

There has been much recent interest in the RGE of the EP Vf^of a massive scalar held 


theory and its relation to the vacuum energy. Several authors 


12l | assert that, in order to 


satisfy the RGE, a ^-independent vacuum energy term should be added to the Lagrangian 
density in the massive case with a corres^nding RG- f3 function included. Such an assertion 
was to our knowledge, hrst made in ref. 6|. 

Those authors who hnd it necessary to add an additional term to the Lagrangian density, 
for compatibility with the RGE of the EP, invariably assume that this RGE is homogenous. 
Our hnding is that, in fact, for the massive case the RGE is generally inhomogeneous. 
The inhomogeneity, is the consequence of the non-multiplicative renormalization required 


In the context of the 
14l | and several ways for 


for the vacuum graphs. This fact has been emphasized in ref.jlr 
EP the inhomogeneity of the RGE has clearly been stated in ref. 
circumventing it and reducing the RGE to the homogeneous form have been discussed. 

Some authors assume that the addition of a ^-independent term to the tree level potential 
Vo(0) to be equivalent to inclusion of the vacuum energy that requires an extra vacuum (5- 
function^-^. One notes, however, that the generation of vacuum graphs, and a correspond¬ 
ing vacuum energy contribution to the EP, does not require the introduction of such a term 
in the tree level potential Vo(0), since it is to be generated from radiative corrections under 
the normalization condition of the generating functional of the effective action. It is thus 
expected that the EP of a renormalizable field theory to satisfy the RGE without need for 
any modification since this is a necessary condition of renormalizability. This observation is 
our main motivation in seeking to investigate this issue by making explicit calculations. 

In section II we derive the RGE for a massive scalar theory and show it to be, in general. 
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inhomogeneous as stated in ref.[l^. In section III we discuss the functional formulation 
and show that the normalization condition Vh[0] = 1 on the generating functional W[J] 
induces a particular normalization on the EP. This normalization removes the contribution 
of the vacuum graphs and leads to a homogeneous RGE for the EP. It also distinguishes 
the case of spontaneous symmetry breaking (SSB) from the normal case. In section IV 
we construct the normalized EP and demonstrate that, for both the normal case and that 
SSB, the homogeneous RGE is satished to the given order in the loop expansion with the 
same renormalization group functions. These constructions clarify the ambiguities that have 
afflicted the issue of an additional term in Vo(0) for compatibility with the RGE. In section 
V we apply our construction to massive c/j'^-theory and show that although the expression 
of the effective potential of the symmetric case is completely different from the asymmetric 
case they satisfy the same RGE with the same RG-functions. In section VI we present our 
conclusion. 

II. RENORMALIZATION GROUP EQUATION FOR THE EFFECTIVE POTEN¬ 
TIAL: 

The EP of a renormalizable scalar held theory is given in terms of the renormalized IPI 
Green’s functions p(”)(m. A, p), at zero external momenta, by 

OO ^ 

r('#>) = - V (1) 

n\ 

n=0 

The RGE for U(0) is a consequence of the RGE for pG). For n 7 ^ 0, the RGE of PG) in the 
mass-independent scheme is the standard homogeneous equation. 

|h^ + /3^ + m 7 m^ + n 7 |pG)(m, A,p) = 0, n^O (2) 

where /3,7m and 7 are the renormalization group functions. 

This renormalizability constraint follows from the fact that these PG) are multiplicatively 
renormalizable: 

pG)(m, A,p) = limZ? (Aop"^e) n^O ( 3 ) 

where Aq = fi^ZxX, ml = m?Zm and Z, Zm are the renormalization constants. For the 
massive case, pG) must, however, be treated separately, since Pi°^ is not multiplicatively 
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renormalizable|l3| . This is due to the fact that linie^o ri°^(Ao, ut-o, e) does not exist. Con¬ 
sider, for example, the A-independent contribution to in massive theory. This is 
given by the circle diagram which, for A = 0, gives 


O^- 


1 


m 


2(27r: 

4 


,n I ' „2 IP 2^ (4jr)2bv 




'”')-^r(|-2) 


^ , m"' 3 2 

642,2 + + 


(4) 


This can only be renormalized by adding an arbitrary additive renormalization factor that 
removes the pole in e and leaves an undetermined hnite part. This indeterminacy persists 
to all orders in perturbation so that the vacuum contribution is in effect an arbitrary 0- 
independent term. We shall now see that this term does not affect the RGE of the EP since 
it cancels on both sides of the resulting inhomogeneous RGE. This equation is obtained from 
equation ([T]) and ([2]) which immediately yield: 


3 3 3 3 

+ -^-</’77rr \y{4>)=C 


9/i d\ 


dm 


d(f) 


where C{X,m, fi) is given by 


^=-("I:+ 


(5) 


( 6 ) 


The presence of the inhomogeneous term in ([5]) is clearly to ensure that the arbitrary vacuum 
contribution to the EP is canceled in the RGE and does not affect any physical consequences. 
It is therefore desirable to explicitly subtract this contribution and rewrite equations ([S]) and 
(|6]) in the form: 


1 ^— + /^— + + 07— r” - ^(c)} = 0 


dfj, ' ^ dX ' “''""dm ' ' d(j) j ^ 

assuming the V{o) is hnite. This equation has previously been obtained injl^, where V{o) 
is interpreted as a contribution to the vacuum energy upon which no observable can depend 
outside of gravity. 

Although the presence of an arbitrary additive 0-independent term in R(0) dose not 
affect the RGE of the EP, it is desirable that such term be hxed by normalizing the EP in 
a dehnite manner for specihc calculations. We show in the following section that the usual 
normalization of the generating functional in the Feynman path-integral formulation 
induces dehnite normalization for the EP that hxes its value at any particular value of the 
held. 
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III. NORMALIZATION OF THE EFFECTIVE POTENTIAL: 


The generating functional W[J] for a scalar field theory, normalized such that Vh[0] = 1, 
is given by 


wr n _ / ^<^exp {^[0] + h(J, 0)}] 
/D0exp{|5[())]} 

(8) 

where 5'[(/)] is the action, and 


{J,(p) = J d!^xJ{x)(p{x) 

(9) 

The classical held (pc{x) and the effective action P[0c] are given by: 



(10) 

T[(P,] = -\nW[J]-h{J,(Pd 

(11) 


where in the last equation, J(x) is obtained from (ITOil in terms of <pc{x)- 


Equations flT0|) and flTT|) imply 

dM + TiJ(x) = 0 (12) 

0(l>c[x) 

In terms of the effective action, the EP V(rj) is obtained by taking for (pd^) a constant field 

7 ]-. 

(27rfh(")(o)E(77) = -r(0, = r7) (13) 

The steepest-descent evaluation of 1E[J], leading to the loop expansion for the EP, is effected 
by expanding S')!/)] + h( J, (p) about the field (po{x) which minimizes it: 

+ (14) 


S[<f\+HJA) = S[0J+R(J.0„) + i j j d‘xd*y(4>-4>„) (x) I g^ds^(y) } + 

(16) 

Functional integration over (p enables one to replace (p — (po hj (p in the quadratic term. 
When this is applied to both the numerator and dominator in equ-dH]) one obtains: 


W[J] 


{S[</>o]+?i(J,</<o)} J ]J(pQXp 

' 2 h ' 

{/j 

r d^xd‘^y(p{x)A{(po)(p{y) + ...| 


[fj 

d^xd'^y(p{x)A{v)(p{y) + ...j 



(16) 
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where v and A are defined by 


S(f){x) 

For the Lagrangian density 


0, A{(l)) 


S(f){x)6(j){y) 


^ - Vo{(j)) 


(17) 


(18) 


one has 

A{(j)) = (a^a^ + + v'^{(t)))6'^{x - y) (19) 

As well-known H the solntion = (t>o{J) to eqn. flT^ is (f)o = 4>c to first order in h. This 
order is sufficient for the calculation of W[J\ to order fi^. 

Evaluation of the integrals in flT^ is performed in Euclidean space where one obtains: 


W[J\ = exp j-i (Se[^J + ft( J, 4>.) - SM)| ( I + - (20) 

I ^ J \ det Ae{v) ) 

For (f)o = Tji a. constant field, 

Se{ti) = + K(??))(27r)V^)(o) (21) 

In calculating T^rj) using flTTl) and fl20ll the dependence on J cancels so that 


= (lmV + r„(i))-lmV + V;(t)))(27r)*i<‘‘'(t)) + | (indet - Indet Ae(ii)) +... 

( 22 ) 

where 

Ae{v) = + V”{y)) (23) 

For the h-term in fl2^ one finds! 


Indet Ae(77) = + Vo iv)Y 


In 


nV + V” {r]) 3 


(27r)^h(^)(o) (24) 


/i2 2_ 

where /i is an arbitrary parameter of mass-dimension. Then the Euclidean version of (IT^ 
finally gives for the EP V{ri): 


n 


V{r]) =-m r] +Vo{r]) + -^^{m +V^{y)) <* In 


+ K” iv) 3 


- 7^>-iv^v) + 0{r) (25) 
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Thus one conclude that the normalization of the generating functional W[J] as in equ. (l8|) 
directly leads to the particular expression fl25l) for the effective potential. This expression 
completely specifies the value of V(rj) at any value of the field and does not allow an arbitrary 
additive constant. 

Now the value v of the field at which V(rj) is subtracted in fl25|) . due to the normalization of 
1T[J], has the physical interpretation that follows from the hrst of equ. fllTp . This equation 
indicates that = u is an extremum of the action. To generate a suitable perturbative 
series this extremum should be taken as the absolute minimum of the action i.e. the 
physical vacuum of the theory. In terms of Feyman graphs this amounts to subtraction of 
the contribution of the vacuum graphs from the theory. Thus the expression in (12511 receives 
no contribution from these graphs. 

We obtain, in the following section, the RGE for the EP normalized by the condition 
W[0] = 1. 

IV. RENORMALIZATION GROUP EQUATION FOR THE NORMALIZED EF¬ 
FECTIVE POTENTIAL: 

We first prove that the normalization condition hF[0] = 1 implies that the EP is in 
general, and not just perturbatively, normalized so that 


V{v) = 0 


(26) 


where v is obtained from the tadpole condition 



r6)(o) = 0 


Towards this purpose one writes the generating functional W\J] in the form 



(27) 




(28) 




( 29 ) 
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For the spicial case j = 0 the corresponding constant held is (p = v where 

=0 


(30) 


Equations 


and (l30D show that r(r 7 ) is of the form 

r(i)) = gM - g(v) 


(31) 


where girf) = G{j{r])) and j{r] = v) = 0 . Equ. dST]) . using equ. lfl^ . directly leads to the 
condition (]26|1 for the EP while (IHOjl yields the condition [ ) = 0 as previously stated. 

To obtain the RGE for the normalized EP we use equ.(I7]) under the conditions V{v) = 0 

. (f) = 

\ ' / T]=V 


Setting (f) = V in equ.©, one then obtains 


DV{0) = 0 


(32) 


where 


d d d 

D = fi— + (J— + 1mm— 
OjjL o\ om 


Thus, trivially, one could write 


D + <h^]v(t» = a 


and one hnally hnds for the normalized EP the RGE 


d d d d 

+ mi^— + (pi— ]V{(p) = 0 
Ofi o\ om 0 (p / 


(33) 


(34) 


(35) 


One thus concludes that with the normalization of the EP induced by hF[0] = 1 for the 
generating functional, the RGE for the EP is homogeneous. This important conclusion has 
not, to our knowledge, been previously explicitly noted in the literature. 

For the case of spontaneous symmetry breaking (SSB), the extremum condition = 

0, is satished by the vacuum value f 7 ^ 0, whereas in the normal case u = 0. In both cases the 
RGE for the normalized EP is the homogeneous equ. (j35|l . and the normalization condition 
fF[0] = 1 requires subtraction of the EP at its minimum cp = v which is calculated from the 
tadpole condition}^, 181. Thus our analysis completely removes the ambiguities concerning 
the form of the RGE satished by the EP. 
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V. APPLICATION TO MASSIVE THEORY: 


For the case where the physical vacuum is at 0 = 0 one has Vo = with 

> 0, so that u = 0. The normalized EP is then 




h 


6471-2 


m 


In 


m 




+ 


(36) 


where 


M^(0) = 


(37) 


This expression for V{4>) satishes the RGE (135|1 . to hrst order in %. This may be checked 
using the one-loop renormalization group functions: 




3hA2 
IGtt^ ’ 




h\ 

3^’ 


7 = 0 


(38) 


For the case of SSB with + and > 0, the position of the minimum 


1^2x2 I A i4 


is at ^ = n, where v to the hrst order in h is 


= 


QnV 

~T' 


3hnV ( 2rr? 

In —^ 


Svr^ 




The normalized EP V((^) is then: 


(39) 


vw = y*'(^) + (•" ^ - 2 j + IT -16^ 


2m? 

fj? 


(40) 


where 

Ml = -rr? + (41) 

One may now check, using the same RG-functions (|38|1 . that this expression for V{<?) also 
satishes the homogeneous RGE fl35ll to order h. Thus eqn. fl35l) is valid for both cases, the 
symmetric case and the one with SSB, although the expressions for the normalized EP are 
diherent for these two cases. 
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This distinction between the two cases, and the relevance to the RGE for the normalized 

4 

potential, has not, to our knowledge, been noted before. The term containing in equ. fHO]) 
arises only in the case of SSB where it does not introduce a singularity since the expansion 
is, in this case, about for V{(j)). This is in contrast to the work of other authors 
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14| where a term in ^ is added to 14(0) so as to satisfy a homogeneous RGE. In our 
case additional terms such as those in equ. fldOD will automatically arise in the case of SSB for 


any renormalizable 14(0) while the RGE for the normalized EP is always the homogeneous 
equation in (l35i) . 

One hnally notes that to obtain a homogeneous RGE for the EP one may subtract at 
any hnite 0 = 0o. This will not, however, lead to an EP that satisfies the normalization 
condition of the generating functional. In the case of the standard model, subtraction at 
0 = 0, as has been used for example in ref.[^, produces a complex expression for the EP. 


VI. CONCLUSIONS: 

In this paper the inhomogeneous RGE has been derived. We then obtained the general 
form of the EP under the usual normalization of the generating functional in the path- 
integral formulation. This normalized EP distinguishes between the cases where the vacuum 
occurs at a zero or non-zero value of 0. The RGE for the normalized EP is homogeneous 
in both cases, with the same RG functions. These results are illustrated in the case of 
massive 0^^ theory to one-loop order. It shown that additive terms arise only in the case 
of SSB. Finally we note that our work may be extended to the case of gauge fields and to 
finite-temperature field theory. 
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